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Abstract 



A relativistic phase-space represcntation for a class of observables 
with matrix-valued Weyl symbols proportional to the identity matrix 
Oh, (charge-invariant observables) is proposed. We take into account the 

nontrivial charge structure of the position and momentum operators. 
The evolution equation coincides with its analog in relativistic quantum 
mechanics with nonlocal Hamiltonian under conditions where particle- 
O" 1 pair creation does not take place (free particle and constant magnètic 

field). The differences in the equations are connected with peculiari- 
ties of the constraints on the initial conditions. An effective increase 
' in coherence between eigenstates of the Hamiltonian is found and pos- 

^ . sibilities of its experimental observation are discussed. 



1 Introduction 

In this paper, we continue our previous study [|| of the phase-space rep- 
resentation for relativistic quantum mechanics. We have established two 
problems in developing the Weyl-Wigner-Moyal (WWM) formalism for the 
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relativistic case. First of all, it is worth noting that Weyl transformation 
does not include time as a dynamical variable, i.e., it is not Lorentz invari- 
ant. The second problem relates to the existence of a charge variable, which 
is a specific degree of freedom in relativistic quantum mechanics Q. This 
degree of freedom appears due to the procedure of canonical quantization of 
the relativistic particle || ; the presence of this degree of freedom results in 
the fact that the Standard position operator is not well defined [§, ||, ^. 
Therefore, we points out the nontrivial charge structure of the position op- 
erator here. In the context of the phase-space quantization, this problem is 
still open. 

Nowadays, different approaches to solve these problems are well known. 
Each of them has at least two alternative solutions with different interpre- 
tations. In short, we emphasize approaches where the problem of Lorentz 
invariance is solved by the generalization of Weyl transformation over the 
whole space-time (stochastic interpretation of quantum mechanics, de Groot- 
van Leeuwen-van Weert's approach [^]), and those ones where Weyl trans- 
formation is applied in the three-dimensional space or on a space-like hyper- 
surface. The second problem can be solved in two ways — using either the 
Standard position operator or Newton-Wigner position operator ||]. A list 
of references on the problem can be found in our previous work Q ; here we 
would like to complete the list. 

The relativistic Wigner function for spin-1/2 partides in magnètic field 
was introduced in ||] . This approach was realized using the Standard (three- 
dimensional) Weyl transformation and Dirac equation; therefore, one can 
say, that the Standard position operator was used. 

The consideration based on Weyl transformation in the three-dimen- 
sional space was considered in for the semirelativistic approximation. 

The Wigner function for the covariant harmònic oscillator and for the 



light waves was treated in [10|; while in |IÏ|] it was shown, that space-time 
geometry of relativistic partides corresponds to the four-dimensional phase 
space of the coupled oscillators, and the corresponding Wigner function was 
presented. 

In our consideration Q of a spin-0 free particle, we used the following 
assumptions: 

i. Weyl transformation in the six-dimensional phase space (related to 
the three-dimensional configuration space) or, more generally, on the 
spacelike hypersurface in the context of Tomonaga-Schwinger app- 
roach to quantum field theory |jÏ2"||, is considered; 
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ii. The Standard position operator instead of Newton-Wigner position 
operator is used. 

The argumentation in favor of (§) follows. The mean vàlues calculated 
in this approach coincide with those calculated in the usual (Schròdinger) 
representation, which is Lorentz invariant. The three-dimensional integra- 
tion is a consequence of the fact, that the scalar product of states in the 
Schròdinger representation is determined on a space-like hyper-surface. It 
cannot be redefined in the whole space-time domain without additional 
physical assumptions. Furthermore, it is worth noting that this approach 
can be explained within the framework of the concept of a reference frame in 
which a reduction of the quantum state takes place (for a details and review 
of recent experiments see fÏ3|1 ). 

The argumentation in favor of (|n|) is the fact that the approach using 
the Newton-Wigner position operator is not Lorentz invariant even in the 
Schròdinger representation. Here one faces more difficult problems concern- 
ing the definition of mean vàlues and the wave equation itself. On the other 
hand, using the Standard position operator enables one to define the prob- 
ability density for localized states in the domain of the positive (negative) 
energy Q. 

We have considered spin-0 partides using the Feshbach-Villars formal- 
ism [|| and restricted ourselves by the class of observables for which their 
matrix-valued Weyl symbols are proportional to the identity matrix (charge- 
invariant observables). 

The aim of the paper is to generalize this approach to a particle in 
a static magnètic field. This case, like the free particle case, admits of 
the one-particle interpretation of relativistic quantum mechanics. We pay 
special attention to the problem of the influence of the nontrivial charge 
structure of the position (and momentum) operator on the mean vàlues of 
the charge- invariant observables. 

Contrary to the free particle case, not only the position operator but 
the momentum operator as well have the nontrivial charge structure [15]. 



The generalization of the Newton-Wigner position operator approach is the 
theory with a nonlocal Hamiltonian [16] 



E = \]m 2 é + c 2 [p - eA (q)] ; (1) 

here we call it the nonlocal theory. It is worth noting, that term "nonlocal" 
has several meanings in modern quantum physics. We use it here for pointing 
out the fact, that differential equations contain derivatives up to infinite 
order. 
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Contrary to the case of nonstationary electromagnètic field, the Hamil- 
tonian (|ï|) can be redefined by extending its action on the charge domain of 
the Hilbert space 

H nl = t 3 È (2) 
and it can be considered as the Hamiltonian of the Standard theory 

H = (t 3 + zr 2 ) 03 ~f ( ^ ))2 + r 3 mc 2 (3) 

in a particular representation that we call the nonlocal theory representa- 
tion. Here and bellow Tj are the 2x2 matrices defined in Q. Generally 
speaking, the operators p and q from (|ï]) differ from the Standard momen- 
tum and position operators, which are employed in (|3|). Therefore, we call 
p and q from (HJ) the momentum and position operators of nonlocal theory. 
Contrary to the free particle case, these operators are not even parts of the 
Standard position and momentum operators. If A (q) = 0, i.e., in the ab- 
sence of magnètic field, expression (0) is the Hamiltonian of free particle in 
the Newton-Wigner position operator representation. 

In Section || we consider the general properties of àlgebra of charge- 
invariant observables. In Section ||] we introduce the four-component (re- 
lated to a particle, anti-particle and two interference components) Wigner 
function for charge-invariant observables and consider its evolution equation. 
The Heisenberg picture of motion and an extension of the concept of Weyl 
symbol for charge-invariant observables, which in our approach contains 
four components, are given in Section ||. Section |5| is devoted to the consid- 
eration of specific constraints on the Wigner function for charge-invariant 
observables, which is a bàsic difference between the Standard and nonlocal 
theories. This peculiarity has a simple physical sense and is responsible for 
an effective increase in coherence between eigenstates of the Hamiltonian; 
this is considered in Section [6| along with simple examples and a proposal of 
the possibility of experimental observation. 



2 Charge-invariant observables 

For a consistent development of the WWM formalism, one should define 
Weyl transformation. Following Q we describe an operator A by the 2x2 
operator- valued matrix A a ^ , and the corresponding matrix-valued Weyl 
symbol by c-number matrix A a @(p, q). The Greek indices take vàlues ±1 
and, whenever possible, we will label them as ±. Since the Hilbert space 
of states for scalar charged partides has an indefinite mètric, one should 
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distinguish between covariant and contravariant indices. Taking the above 
mentioned into account, one can write the Weyl transformation as follows 

+00 

A - P = E / V (P. (P. <?) d P d 1> ( 4 ) 

7=±l_oo 

where W a P (p, q) is the operator of quasiprobability density. 

Let us introduce the momentum (or position) part of the eigenfunction 
of the Hamiltonian (||) as the solution of the following eigenvalue problem: 

1 2 

— (p-eA(q)) ip n (p) = e(n)ip n (p) , (5) 
2m 

where n is a set of quantum numbers. The eigenvalue modulus of Hamilto- 
nians can be expressed through e(n) 



E{n) = mc\l + — ? e(n). (6) 



rac 



In the representation of these functions, Weyl transformation (|j) has the 
following form: 

+00 

A nm .J = / Aj (p,q)W nm (p,q)dpdq (7) 



where W nm (p, q) is the Hermitian generalization of the Wigner function 

+00 

W nm (p, q) = — J <p* m (p+ Çj <p n (p - Çj exp (-Ip g ) dP (8) 

—00 

with d being the dimensionality of the configuration space. The final trans- 
formation to the energy representation, where the matrix of the Hamiltonian 
(0) has a diagonal form, is realized by the following transformation matrix: 



f3 



2^Jmc z E( 



n) 



(E(n) + mc 2 ) 5j + (E{n) - mc 2 ) r V( 



13 



(9) 

Following [||] we restrict ourselves to observables in which the matrix- 
valued Weyl symbols are proportional to the identity matrix 

Aj(p,q)=A(p,q)6j (10) 
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and call the class of dynamical variables, which corresponds to such symbols, 
the class of charge-invariant observables. It is worth noting that the Hamil- 
tonian and current do not belong to this class. However, in Section |3] we 
present a symbol that plays the role of the Hamiltonian in our consideration. 

The Weyl transformation for charge-invariant observables in the energy 
representation has the form 

+00 

A E nm .J = Rj(m,n) / A(p,q)W nm (p,q)dpdq, (11) 



where A E nm - a /3 is the operator matrix of a charge-invariant observable in the 
energy representation. Contrary to nonlocal theory and the nonrelativistic 
case, there is a matrix-valued function R a ^(m,n) 

00 

Rj{m, n)=J2 E U im-/Unk;c? = <™, n)Sj + X (m, nfaj (12) 

Z,fc=0 7=±l 

with even and odd parts expressed through the energy spectrum (g) as 
follows: 

E(m) + E(n) , . 

e(m,n) = \ ' . ) { , 13 

E(m) - E(n) , . 

X (m,n)= ) J . (14) 

Functions e(m, n) and x( m ; n ) play a crucial role in our consideration. We 
call them the e- and \~ factors. 

The expressions for even [A] and odd {A} parts of the operator of a 
charge-invariant observable in terms of its Weyl symbol follow from (11) 

+00 



A L 



13 = e(m, n)5 a p / A(p,q)W nm (p,q)dpdq (15) 



\a e \ ^ = X (m,n)r 1;a /3 / A(p,q)W nm (p,q)dpdq. (16) 

^ J nm\a 



One can obtain the inverse formulas connecting Weyl symbols with the 
operator, and its even and odd parts 

A(p,q)óJ = (2irh) d E R'\' 3 (m,n)A E nm , Q ''W mn (p,q), (17) 

7=±1 m,n=0 
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A(p,q)Sj = (2TTfi) d Y / e~ 1 (m,n)\A E ] P W mn (p,q), (18) 

* — * L J nm:a 

ran 

oo 

A(p,q)6j = (2irh) d £ £ X~ V, n)n/ <U £ } 7 WWp,<?). (19) 

* — * í — ' t. i nm;a 

7=±1 m,n=0 

Comparing ( |Ï8| ) and (19) we conclude that matrix elements of even and 
odd parts of the operator of an arbitrary charge-invariant observable are 
uniquely related to each other 

ÍA E \ P - ^( m ) ~ E ( n ) V ti l3 \A E \ i Í2fï! 
t^ 1 }nm;a — „, \ , t-t/ \ / > '1;7 r 1 nm;a • V^ U J 
£7(m) + £(n) 

Now we consider the expression for the time derivative of a charge- 
invariant observable through its Weyl symbol as was done in Q. To do 
this, one should use the Heisenberg equation 



d t A =^ 
in 



A,H 



(21) 



The commutator can be written in the form of Weyl transform of the matrix- 
valued Moyal bracket (see Q). Equation (|2~ï|) in the energy representation 
can be written as follows 



+oo 



dtA E m .J= J {A(p,q),Gj(m,{p,q},n)} M W nm (p,q)dpdq (22) 

— oo 

where the notation 

Gj (m, {p, q},n)= E *} P > q J + ir 2 ,A (23) 

2\J L·{m)L·(n) v 7 

E* 2 (p, q) = m 2 c 4 + c 2 (p - e A (q) ) 2 (24) 

is introduced. 

The Moyal bracket is defined in such a way to provide coincidence with 
the Poisson bracket at U — > 0, namely, 

{A(p,q),B(p,q)} M = ± (A(p,q) * B(p,q) - B(p,q) * A(p,q)) 

= *A(p, q) sin { | (t q % - %%) } B(p, q) (25) 

where the Moyal star-product is determined as usually 

★ = ex p|-^ (<VÇ- • ( 26 ) 
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Contrary to the free particle case Q, expression (22) does not have a 
classical form even if A(p, q) is a linear function of p and q. The semiclassical 
approximation in static magnètic field for the Standard theory has a more 
complicated structure than that used in nonlocal theory. In Section ^| we 
consider another approach to the Heisenberg picture of motion and show 
that these peculiarities are related to the form of the Wigner function only 
and do not change the equation of motion. 



3 Wigner function and quantum Liouville equa- 
tion for charge-invariant observables 

In order to find the explicit form of the Wigner function for charge-invariant 
observables, we start with the expression for means. Let C n;a be the wave 
function in the energy representation (the decomposition coemcient of the 
wave function presented in the form of series in eigenstates of the Hamilto- 
nian (||)). Thus the mean of the charge-invariant observable A is written in 
the explicit form 

oo 

^ = ^2 X/ C^.pCn" A^m^J 3 ■ (27) 
a,f3=±l m,n=0 

Substituting ( |ÏI| ) in (|27|), one can obtain for the mean 

+oo 

A= J A{p,q)W( P ,q)dpdq, (28) 

— oo 

where the Wigner function for charge-invariant observable can be presented 
as the sum of four terms 

W(p, q)= { W H (P> i) + W {«} (P, ?)) • ( 29 ) 

£*=±1 

This approach has been applied to construct the covariant Wigner function 
in [^] . We call Ww (p, q) the even part of the Wigner function. It can be 
written as follows 

oo 

W [±] (jp,q)= eKn)iy nm (p,g)C^. ± C7 n; ± . (30) 

n,m=0 

In a similar way, we call Wi±\(p,q) the odd part of the Wigner function 
defined as 

oo 

W {±} (p,q)= x(m,n)W nm (p,q)C* m . ± C n T. (31) 

n,m=0 



s 



Note that here use other symbols for the even and odd parts of the Wigner 
function than those employed in Q. 

The Wigner function for charge-invariant observables can be defined in 
an alternative way. To do this, we consider the wave function in the nonlocal 
theory representation 

oo 

V>±(p) = £C n;± ^ n (p). (32) 

n=0 

Now one can write the components of the Wigner function as follows 

1 P P 

W [± ](p, q) = T^Tj J e(p+^Pi;P-^,P2^±(Pl)0 ± (P2>"S p ^P4j 1 dp % 

— oo 

(33) 

+oo 

w {±}(p, g) = (2nh) d I x (^ + Y pr,p ~Y p ^^ Pl ^ T ^ P2 ^~^ P9dP ^ >1 



(34) 



where the following generalized functions are introduced: 



e(p',p 1 ;p",p 2 ) = e ( m i n )^*ni{p')¥rn{Pl)Vn{p")Vn{P2) (35) 

n,m=0 

oo 

X(p',Pi;p",P2) = X(m,n)Vm(p')Vm(Pl)<Pn(p")<Pn(P2)· ( 36 ) 

n,m=0 

Following [Q] we obtain the evolution equation for each component sep- 
arately. To do this, we differentiate expressions (|3C|) and (|3Ï]) with respect 
to time and substitute the time derivatives from the Klein-Gordon equation 
in the energy representation 

ihd t C n . a = E(n) r 3 .f a C n . p . (37) 
p=±l 



In view of the star-eigenvalue equations [19 



E(p, q) * W nm (p, q) = E(n)W nm (p, q) 

W nm (p, q) * E(p, q) = E(m)W nm (p, q) (38) 
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we obtain the quantum Liouville equation in the following form: 



d t W [±] (p,q,t) = ±{E(p,q),W [±] (p,q,t)} M (39) 
d t W {±} (p, q, t) = T [E(p, q) , W {±} (p, q, t)] ^ . (40) 

The Moyal bracket in (piT) is defined by expressions (p5Í) . Furthermore, we 



have used the anti- Moyal bracket in (40), which is defined as follows 



[A(p, q), B(p, q)) M = ± (A{p, q) * B(p, q) + B(p, q) * A(p, , 

= §-A(p, q) cos { | (dX - %%) } B(p, q). (41) 

In these formulas,-E(p, q) plays the role of the Hamiltonian; it is deter- 
mined as 'the star square root' of expression (p4|) 



E(p,q) = ym 2 c 4 + c 2 [p - eA(q)} 2 . (42) 

This is fairly unexpected, since in nonrelativistic quantum mechanics a clas- 
sical variable is mapped onto the corresponding Weyl symbol (at least, in the 
Schròdinger picture of motion or at the initial time moment in the Heisen- 
berg picture). The classical Hamilton function differs from (|4^) since it 
employs the square root instead of the star square root. It gives different 
pictures of the classical and quantum evolutions. 

In the Appendix, we consider an approximate expression for the rela- 
tivistic rotator (simplified model of the particle motion in a homogeneous 
magnètic field). From this example, one can see that the star square root 
results in the appearance of independent power series expansion in the cy- 
clotron frequency together with the expansion in position and momentum 
(|9l|). The cyclotron frequency is inversely proportional to the square of the 
characteristic oscillator length, which corresponds, in many cases, to the 
wave packet width. Therefore, one can say, that the star square root intro- 
duced results in specific effects which appear in strong magnètic field and 
for very strong localization (of the order of the Compton wavelength) . 

It is worth noting that such behaviour of the relativistic system does not 
relate to the nontrivial charge structure of position and momentum operators 
because equation ( |39| ) with Hamiltonian ( f42| ) are vàlid for nonlocal theory 
as well. 

Consider the odd part of the Wigner function (H), d|). It was men- 
tioned in @, that it is not important for macroscopic vàlues. Indeed, the 
existence of states, where this part of the Wigner function is not equal to 
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zero contradicts to charge superselection rule [2C]. Such a state is equiva- 
lent to the superposition of states with different charge signs. According to 
the contemporary concept, if such state appears as a result of the physical 
process, the superposition is reduced to the mixed state, which results in 
the creation of particle pairs [21]. In our representation, this means that the 



odd part of the Wigner function becomes zero. However, it appears when 
an external elèctric or nonstatic field is applied. Therefore, we take into 
account its existence here. 



The solutions of the system of equations (|39| ) and (4C) are not indepen- 
dent. There exists a specific constraint on them. To find it, one should take 
the Fourier transform and make the Standard change of variables in each 
component of (^) , (|34|) . Similar to the free particle case M , we obtain four 
expressions where on the left-hand side there are products of two wave func- 
tions of different arguments, and on the right-hand side we obtain integral 
expressions dependent on the Wigner function components. Splitting them 
into pairs and equating the resulting expressions, due to the equality of their 
left-hand sides, we obtain the constraint we are looking for: 

+00 

J e- 1 ( Pl ,p';p 2 ,p")W [+] Q( Pl +p 2 ),</i) e^- p ^d Pl d P2 dq 

—00 
+00 

x j £~ 1 (P1,P';P2,P")W [ -] Q(pi+P2),Ç2^ e^ Pl ~ P2)q dpidp 2 dq 
—00 
+00 

= j X~ 1 {Pi,p';P2,p")W {+} {^{pi+P2),qi^e^ pl - p2)q dpidp 2 dq 

—00 

+00 

x J X-HPi,P';P2,p")W { „ } Qípx+ps),^) erM-P^d Pl dp 2 dq, 



(43) 



where the following generalized functions are introduced: 



E 1 (pi,p';P2,p") = e 1 ( m ' n ) l Pm{p') l Pm(Pl) í Pn{p")<Pn{P2) (44) 

n,m=0 

oo 

X' 1 (pi,p';P2,p") = X~ 1 (rn,n)pï n (p')'Pm(Pi) i Pn(p")tà(P2)- (45) 

n,m=0 
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In addition to this constraint, there exist expressions for complex con- 
jugate vàlues of the Wigner function, which can be considered as specific 
constraints as well. To obtain them, one should take the complex conju- 
gate of (|30"1), ( |3Ï1) or (|33|), (|34|). After some àlgebra, we obtain the following 
expressions: 

Wf ±] (p,q) = W [±] (p,q) (46) 

W( ±} (p,q) = W {T} (p,q). (47) 

The even components of the Wigner function are real functions and the odd 
components are complex conjugate to each other; therefore, their sum is the 
real function, as well. 

4 Heisenberg picture of motion 

It is easy to map the Schròdinger picture onto the Heisenberg picture of 
motion and vice versa in the nonrelativistic WWM formalism. In our case, 
this map has some peculiarities due to the existence of different equations 
for the odd and even parts of the Wigner function. 

Let us write the expression for the mean of a charge-invariant observable 
as a function of time, taking into account the structure of the Wigner 
function (f2S|) 

+oo 

A(t) = ]T f A(p,q)(w [a] (p,q,t) + W {a} (p,q,t))dpdq. (48) 

Now we extend the definition of the Weyl symbol for a charge-invariant 
observable. To do this, we introduce four new symbols A^(p, q), ^4{ ± }(p, q), 
which coincide with A(p, q) in the Schròdinger picture of motion. Expression 
( pÏ8| ) can be written as the sum of four components: 

A(t)= (A [a] (t) + A {a} (t)) , (49) 

a=±l 
+oo 

A [a]{t) = J A [a] (p,q)W [a] (p,q,t)dpdq, (50) 

— oo 
+oo 

A {a}(t) = J A {a} (p,q)W {a} (p,q,t)dpdq. (51) 

— oo 
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We consider the map onto the Heisenberg picture of motion for each com- 
ponent separately. 

The formal solution of equations (|3^) and (^) can be written as follows: 

W [±] (p,q,t) = exp* (r~H(p,q)t \ * W [±] (p, q) * exp* (±~H(p,q)t \ , (52) 
W {±} (p,q,t) = exp* (±^H(p,q)t \ -k W {±} (p, q) * exp* (±~H(p,q)t \ , (53) 



where the exponent is determined by means of the star-product |18[. Sub- 
stituting this solution into (|50|) and ( |5"l"D and writing this expression in the 
Standard operator form, one obtains 

A [±] (t) = Tr |i [±] exp (r^Ht) P[±] exp } » ( 54 ) 

A {±} (t) = Tr |i {±} exp (±^í) P{±} exp (±^) } ■ (55) 

Making the cyclic permutation under the trace and returning into the 
WWM representation, one can write expressions (50) and ( |5l| ) as follows 

A [a](t)= J A [a](p,q,t)W [a] (p,q)dpdq, (56) 



-oo 
+oo 



A {a}(t) = J A {a}(p,q,t)W {a} (p,q)dpdq, (57) 

— oo 

with the time-dependent symbol of the charge-invariant observable 
A {±](p,q,t) = exp* (±^H(p,q)tj * A [±] (p,q) * exp* hf^H(p,q)tj , (58) 

A {±}(p,Q,t) = exp* \ ±^H(p,q)tj * A {±} (p,q) * exp* (±^H(p, q)tj . (59) 

It is easy to see that this symbol satisfies the following equations: 

d t A [±] (p,q,t) = ±{A [ ± ] (p,q,t),E(p,q)} M , (60) 

d t A {±} {p,q,t) = T [A {±} {p,q,t),E(p,q)\ M . (61) 

Therefore, we conclude that the time evolution for charge-invariant ob- 
servables is identical in both the Standard and nonlocal theories under condi- 
tions where the creation of particle pairs does not take place. The difference 
is in the e-factor in the definition of the Wigner function that affects the 
class of possible functions that describes the real physical state. 
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5 Statistical properties of the Wigner function for 
charge-invariant observables 

The Wigner function is expressed in different ways in nonlocal theory and 
in the Standard theory. Therefore, one can expect some peculiarities for the 
case of Standard theory. The evolution equations are the same in both theo- 



ries for the systems with stable vacuum. However, it is well known [22] that 
a difference of the WWM formalism in nonrelativistic quantum mechanics 
(and in nonlocal theory as well) and classical mechanics is the particular 
constraint on the Wigner function. In this Section, we show that in our case 
this constraint has some peculiarities and, generally speaking, differs from 
the one used in nonlocal (and nonrelativistic) theory. This results in some 
peculiarities in the mean vàlues of charge-invariant observables. Let us start 
with usual properties of the distribution function. 

Property 1 (normalization) The even part of the Wigner function J5i 



(3c) is normalized in the whole phase space, and integral of the odd part 



(j3J\), ( p4) is equal to zero. 



The distribution function of the momentum (position) for a charge defi- 
nite state (we do not take into account a superposition of states with different 
charge signs) is the integral over the position q (momentum p) of the even 
part of the Wigner function (p0|) , (|33|) . 



Property 2 The distribution functions of the momentum and position can 
be written as follows 

P±{p) = #t(p)e (fi, ^(p), (62) 

p±{q) = V4(<?) £ (fi, ~rt) ^(q) (63) 

where ip±(q), ip±(p) are the wave functions in the nonlocal theory representa- 
tion. Symbols *n and ~rt correspond to operators acting on the function from 
the left and right sides, and the number n in fíïí\ ) is their eigenvalue . 



The distribution functions (p2[), (62) differ from those used in nonlocal 



theory. Furthermore, they can take negative vàlues. This specific property 
of the spin-0 particle described by the Klein-Gordon equation creates diffi- 
culties in the probability interpretation. We do not discuss this feature here, 
assuming this anomaly as a disease of the model (for details and a review of 
the problem see, for example, |3|, |], |9) and references therein). However, it 
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is worth noting, that for spin-1/2 partides the problem is absent though the 
nontrivial charge structure of the position and momentum operators exists 
here as well fÏ4}| . 

The peculiarity of distributions (|62|), ( |63|) results in nontrivial mean vàl- 
ues of charge-invariant observables. We consider this on the example of 
moments of the position and momentum. 

Property 3 The nth moment of the position and momentum can be written 
as follows 

oo 

¥= E i.i n )iA ± e{m,i)c^, (64) 

l,m=0 

oo 

W= E (p n ) Jm C; ±e (m ) 0C ii ± ) (65) 

l,m=0 

where {q n )i m and {p n )i m are the matrix elements for the nthpower of position 
and momentum operators in nonlocal theory. 

The first moments of the position and momentum coincide with those 
used in nonlocal theory for the free particle case Q. It is not true, gener- 
ally speaking, for the case of arbitrary magnètic field. Due to this, there 
exist peculiarities in the behaviour of the mean vàlues of positions and mo- 
menta, i.e. the peculiarities for the mean trajectòries. This problem will be 
considered in detail elsewhere. 



Now, similar to [22], we formulate the property that can be considered 
as a constraint on the Wigner function for charge-invariant observables. 
This also enables us to select from the set of functions on the phase space 
those that can be considered as the Wigner functions for charge-invariant 
observables. 

Property 4 (criterium of pure state) For the functions Wt±] (p, q) and 
Wi±\(p,q) to be even and odd components of the Wigner function for charge- 
invariant observables, it is necessary and sufficient that equalities Ij^BO, (Pfy), 
Ij^Tl) hold true and the following conditions are satisfied: 



2 



dp\dp\ 



dn j e- 1 (p',p 1 ;p", P2 )W [±] Q (p'+p") ,q\ e^'-^dq dp'ap" = 

— oo 

(66) 



2 

f X- 1 ip\ Pi ; P", V2) W {±} Q (p'+p") ,g) eW-v")«d l dp'dp"=n 



(67) 
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where e 1 {p 1 , Pi', p" , P2) and x 1 (p' \ Pi] p" P2) are the generalized functions 



determined by (44), (45)- 



The proof of this criterium is similar to that used for the free particle 
case . One should use here the expression for the Wigner function in view 
of the wave function in the nonlocal theory representation (E3f), (34). 



Property |] with equations (j39|), (f4(ï|) in the Schròdinger picture or 
( |6Ï|) in the Heisenberg picture of motion are sufhcient to formulate the quan- 
tum problem in the representation used. Furthermore, Property || is a char- 
acteristics that distinguishes the Standard theory from the nonlocal theory 
under conditions where the creation of particle pairs is not possible. How- 
ever, there exist examples, where the Wigner function is the same in both 
the Standard and nonlocal theories. 



Property 5 The Wigner function for charge-ínvariant observables which 
descríbes a stationary state coincides with that used in nonlocal theory. 

It can be an eigenstate of the Hamiltonian or mixture of such states. 
This Property is the consequence of the definition of the Wigner function for 
charge-invariant observables (|30|) , ( |3~1~1) and the obvious fact that e(n,n) = 
1. Hence, the peculiarities related to the Properties |2]-|| do not appear in 
stationary processes (for example, in equilibrium statistical physics). 



6 Physical meaning, simple examples and possi- 
bility of experimental observation 

The e-factor (|Ï3|) plays a crucial role in our consideration and the problem 
of its physical meaning is very important. To clarify it, let us consider some 
properties of the e-factor as a function of two arguments: 

i. Symmetry, e(n,m) = e(m,n); 

ii. Value of diagonal elements, e(n,n) = 1; 

iii. Value of nondiagonal elements, e(n,m) > 1, if n 7^ m. 

This function is plotted in figure p] for the case of a relativistic rotator (see 
Appendix) and for a free particle. The e-factor is a slowly increasing function 
on the both sides of the diagonal. 
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Figure 1: The e- factor for a free particle where momenta are given in 
mc units (a) and for a relativistic rotator where the ratio of the Compton 
wavelength to the oscillator length is A = 10 (b). 

Taking into account (|u|), expression (|30|) for the even part of the Wigner 
function can be rewritten as follows: 

oo 

W[±](p,q) = ±J2 W nn(P,q) \Cn;±\ 2 + J2 £ ( m ' n ) W nm(P, q)C^.±C n ^ . 
n=0 n^m 

(68) 

Therefore, the e-factor affects the value of the interference terms only. Tak- 
ing into account (jm|), one can say, that it results in an effective increase in 
coherence between eigenstates of the Hamiltonian. Hence, information on 
the relative phase between C n -± becomes more evident; moreover, the value 
of this phase does not change. 

It is worth noting, that this information can be lost. This is possible in 
the case where the particle interacts with an environment (or has interacted 
with it in the past) in such a way that they are in entangled state 

oo 

|*) = J2 C n \n) ® \a(n)) , (69) 

n=0 

where \n) are the particle eigenstates and |o(n)) are macroscopically dis- 
tinguishable states (generally not orthogonal) of an environment, which in- 
cludes many degrees of freedom. In this and other equations, we do not 
write explicitly the symbols ±. 

The problem of decoherence is one of the most important in quantum 
information and quantum technologies (see, for example, |23j] and references 
therein). Also, this problem has a fundamental meaning because it plays 
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a crucial role in understanding the quantum measurement processes. We 
consider briefly this problem to clarify the possibility of using the nontrivial 
charge structure of the position (momentum) operator for suppressing the 
decoherence. 

The density operator of the particle, considered as an operi system, is the 
operator obtained after averaging of the pure state |^) (^\ over the degrees 
of freedom of the environment 

oo 

P= \n)C^C n a(m,n)(m\, (70) 

n,m=0 

where 

a(m, n) = (a(m)\a(n)) . (71) 

The Wigner function of this state in the nonlocal (nonrelativistic) theory 
can be written in the following form: 

oo 

W(p,q)= £ a(m,n)W nm (p,q)C* m C n . (72) 

n,m=0 

This expression is very similar to ([3Ü]) for the Wigner function for charge- 
invariant observables in the Standard theory; a(m, n) plays a role of the 
e-factor here. From ([7Ï]) the following properties of a(m, n) follow: 

i. Hermiticity, a*(n,m) = a(m,n); 

ii. Value of diagonal elements, a(n,n) = 1; 

iii. Absolute value of nondiagonal elements, |o(n, m)\ < 1, if n ^ m. 

Properties (|) and (|I|) are identical to those of the e-factor. However, as 
follows from ([ïíp, the contribution of interference terms in the open system 
decreases. This is essence of the decoherence process. The e-factor leads to 
the opposite result. 

Consider the Wigner function for charge-invariant observables that rep- 
resents the state of open system ( fTC|) 

oo 

W[±](p,q)= a(m,n)e(m,n)W nm (p,q)Cï n .±C n - ± . (73) 

n,m=0 

Due to the e-factor, a contribution of interference terms increases here. 
Therefore, the nontrivial charge structure of the position (momentum) op- 
erators results in an effective increase in coherence between eigenstates of 
the Hamiltonian. 
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p p p 




Figure 2: Contours of the Wigner function of a relativistic rotator for the 
mixed state p = 1/2 í |0) (0| + |2)(2| ^ (a) and for the superposition \tp) = 

2 -1 / 2 ^|0) + |2) ^ (b) in nonlocal theory and in the Standard theory with 
nontrivial charge structure of the position and momentum operators (c). 
The ratio of the Compton wavelength to the oscillator length is A = 10. 
Position and momentum are given in dimensionless units (see Appendix). 

In figure |2] we present a plot of the Wigner function for the state of a 
relativistic rotator (see Appendix), which is the superposition of two eigen- 
states of the Hamiltonian, |0) and |2), for three different cases. Figure || a 
shows the Wigner function for the mixed state. Figure || b corresponds 
to the superposition in nonlocal theory (without decoherence). The con- 
tribution of interference terms appears in this example. Figure || c shows 
the Wigner function for charge-invariant observables in the Standard theory. 
Interference terms play a more crucial role here. 

The Wigner function can be experimentally reconstructed in view of 
the quantum tomography method 0]. The problem regarding the consis- 
tent interpretation of the quadrature operator (or position and momentum 
operators) measurement arises here. Indeed, in the relativistic case, these 
operators, generally speaking, are not one-particle operators. The possibility 
of using the one-particle formalism has to be clarified in this case. 

Our point of view is as follows. The consistent development of the rel- 
ativistic quantum theory is possible within the framework of the second 
quantization method only. However, under conditions where the particle- 
pair creation does not take place, one can consider the one-particle sector 
of the theory. On the other hand, when one measures the quadrature (po- 
sition, momentum) operator, the one-particle state is destroyed. From the 
viewpoint of measurement theory, the resulting state would be an eigenstate 
of the operator measured. However, This not possible because in this case 
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one gets a state that is a superposition of states with different charge signs. 
One can suppose that this superposition is instantly destroyed. As a result, 
after a measurement we have a multi-particle state with pairs created from 
vacuum. 

These assumptions explain why we call the increase in coherence in ( |73| ) 
the effective one. In fact, the coherence does not really increase (expression 
( |7o|) does not contain the e- factor). The peculiarities of the process of multi- 
particle operator measurement lead to such an effect. 

There is the viewpoint that strongly localized states (with dispersion less 
than the Compton wavelength) in relativistic quantum mechanics do not 
exist. Indeed, for spin-0 partides, it leads to the appearance of states with 
negative dispersions |ïj]. However, in addition to the position dispersion, 
in real physical systems there exists an extra parameter (the characteristic 
length). For a relativistic rotator, it is the oscillator length (see Appendix), 
for a free particle it is h/Ap, where Ap is the momentum dispersion. 

Generally speaking, there exists one more physical reason for the lower 
bound of the localization. This reason itself is related to the definition of 
the relativistic position operator, and follows from the inequality Av < c; 
an analysis of this problem is given in p5|]. It turned out, that it is possible 
to consider arbitrary localized states for partides with the energy E S> mc 2 . 

In figure || we plot the Wigner function of a free particle for the state 
with the Gaussian distribution in the momentum space. The characteristic 
length of this state is 8 times less than the Compton wavelength. From 
this figure, one can see that the particle is localized in the A c /8 domain (of 
the order of the characteristic length). The vacuum processes lead to the 
appearance of specific perturbations, which gives a negative contribution 
into dispersion. 

Another example is the eigenstate of a relativistic rotator. It can have 
an arbitrary small dispersion without any perturbation. This fact can be 
explained by Property [| of the previous Section. 

An additional difficulty in the experimental observation of these pecu- 
liarities is in the fact that they can appear in nonstationary process only. It 
is well known that interference terms oscillate with frequency 

E{m) - E(n) 

Umn = ^ • (74) 

The e-factor is important in the case where the difference between energy 
levels is close to mc 2 . Hence, to verify these peculiarities, one needs to 
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Figure 3: The Wigner function (a) and its contours (b) for the Gaussin state 
of a free particle. The ratio of the Compton wavelength to the characteristic 
wave packet width is À = 8. Position is given in À c = fi/mc units and 
momentum, in me units. 



control time intervals smaller than the Compton time 

tc = — 2 - (75) 

For 7r ± mesons, this time equals 4.7 • 1CT 24 s, for electrons, 1.3 • 10~ 21 s. 

Similar peculiarities can appear in other systems with the band structure 
of energy spectrum. This can take place, for example, in semiconductors, 
where the analog of the Compton time is close to 10 -15 s. The nontrivial 
charge structure of the position (momentum) operator, in this language, 
means that an eigenfunction of this operator is a superposition of the states 
of the conduction and valence bands. Measuring such an observable for 
conduction electrons results in a displacement of the electrons from the 
valence band to the conduction band and the appearance of electron-hole 
pairs. 



7 Conclusions 

In this work, we have considered some mathematical peculiarities of the 
phase space representation for spin-0 partides and their physical conse- 
quences. We have restricted ourselves by such a class of observables, whose 
matrix-valued Weyl symbols are proportional to the identity matrix. We call 
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them charge-invariant observables. In fact, any combination of the position 
and momentum belongs to this class. However, such observables as energy 
and current are not charge-invariant ones due to the nontrivial dependence 
on the charge variable. 

The time evolution in the Standard theory is the same as in nonlocal 
theory, i.e., it does not depend on the nontrivial charge structure of position 
and momentum operators. However, in both cases the time evolution differs 
of the evolution of classical systems. The reason consists not only in the 
definition of the Moyal bracket and star-product. The classical Hamilton 
function does not coincide with symbol that plays the role of the Hamilto- 
nian in the evolution equations. In the quantum case, the square root is 
determined by means of the star-product, and relativistic effects result both 
in a large value of the nonrelativistic Hamilton function (large momentum 
for the free particle case) and small characteristic length of the system. 

The nontrivial charge structure of the position (momentum) operators 
leads to the peculiarities of the constraint on the Wigner function. However, 
they can appear in nonstationary processes only, including those that are 
described in nonequilibrium statistical physics. This can be explained by 
the peculiarities of the relativistic position (momentum) measurement. The 
initial one-particle state is destroyed in these processes. As a result, one 
obtains a multi-particle state. This leads to the appearance of additional 
multipliers for the interference terms between eigenstates of the Hamiltonian 
in the distribution function. These terms are responsible for the nonstation- 
ary processes. 

It is very important that these multipliers (e-factor) exceed unity. This 
means an effective increase in coherence in such systems (or, to be more 
precise, in such kinds of measurements) . To verify this in the experiment, 
one needs to control time intervals close to the Compton time. However, 
such peculiarities can appear in other systems with the band structure of 
the energy spectrum. For example, one can use semiconductors where the 
analog of the Compton time is close to 10~ 15 s. We hope that such kinds of 
experiments are possible using modern devices. 

Appendix. Relativistic rotator 

Consider a particle in a constant homogeneous magnètic field and choose 
the vector potential in the form 

(76) 
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where B has only z component 

B= I (77) 




In this case, the Hamiltonian (||) can be written as follows | |26| |: 

H = (r 3 + lT2 ) (É- + (tt 2 + f )] + W, (78) 



where cj c = eB/m is the cyclotron frequency and tt and £ are dimensionless 
linear combinations of momentum and position. Their physical meaning 
consists in describing the particle position in a reference frame connected 
with the center of cyclotron motion. 

In our consideration, we neglect the translation motion along the z axis 
and consider the Hamiltonian of a relativistic rotator 

H = ^ ( T 3 + ÍT *) (f + <1 2 ) + T 3™c 2 . (79) 
In the nonlocal theory representation, this Hamiltonian has a simple form 
H nl = r 3 m C yi + \ 2 { P 2 + q 2 ), (80) 

where À 2 = fiuic/mc 2 . In other words, if one considers the characteristic 
oscillator length a 2 = h/mu> c , X is the ratio of the Compton wavelength and 
the characteristic oscillator length. 

The energy spectrum for this problem, in agreement with @, is ex- 
pressed through the harmònic oscillator spectrum and can be written in the 
form 

E(n) = mc 2 ^l + 2A 2 (n + ÏJ. (81) 

The matrix of the Hermitian generalization of the Wigner function for the 
relativistic rotator coincides with that used for the usual harmònic oscillator 
and is written in the following form |fTÍf ]: 

W nm (p, q) = ~ exp (-ç 2 - p 2 ) 

(V2 (q - íp)) n ~ m (-ir^L m ~ m (2 (p 2 + q 2 )) if n > 



m 

(82) 

V2(q + ip))''"\-irML™- n (2(p 2 + q 2 )) if n < m ' 
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where L? (x) is the generalized Laguerre polynomial. For diagonal elements, 
it reads 

W nn (p, q) = ~ exp (-q 2 - p 2 ) (-l) n L n (2 (f + q 2 )) . (83) 

Let us calculate the Hamiltonian (given for this problem by ([42})). To 
do this, we use the fact that the Weyl symbol of an arbitrary operator A 
can be expressed through the matrix elements as follows: 

00 

A(p,q) = (2vr) d £ A nm W mn (p,q). (84) 

n,m=0 

In our case, this expression can be written in the form 

00 

E (p,q)=27rJ2E(n)W nn (p,q) 

n=0 



2mc 2 e-i 2 -v 2 f\/l + 2A 2 (n + i) (-l) n L n (2 (p 2 + q 2 )) . (85) 



n=0 

Consider the function 



F(x, z) = £ y 1 + 2A 2 (n + ±) L n (s) 2". (86) 
Using the fact that 

n fc z™ = (zd z ) fe z n , (87) 
in view of the identity for generating function for the Laguerre polynomials 



^L n (x)z n = (l-z)- 1 exp 

n=0 



z.r 



z-l 

one can write the function p3) in the following form: 



1\ x -i / xa; 



F(x, z) = x \l + 2A 2 ( z5 2 + - J (1 - z)- 1 exp í — ) . (89) 



The Hamiltonian fl85| ) in our representation can be written as follows: 
E(p, q) = 2mc 2 exp [-q 2 - p 2 ) F (2 (q 2 + p 2 ) , -l) . (90) 
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The term under the square root in ( |8"9j ) can be expanded in a power 
series and one can obtain the Hamiltonian with relativistic corrections; we 
will write it here up to the third-order terms 




This expression differs from a similar expansion for the classical Hamilton 
function. Both the usual classical expression (p 2 + q 2 ) and À 2 are indepen- 
dent relativistic parameters of the expansion. 
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